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The r e g u l a r i z e d  N-body problem i s  r e s o l v e d  i n  
e x D l i c i t  form by t h e  i n t r o d u c t i o n  o f  a Dseudo t i m e  
p a r a m e t e r  i n  t h e  form of  a Sundman and L e v i - C i v i t a  
t r a n s f o r m a t i o n .  
namely by t h e  fo rma l  r e p r e s e n t a t i o n  o f  t h e  s o l u t i o n  
bv a Dseudo t i m e  se r ies  and t h e  a n a l y t i c a l  j u s t i -  
f i c a t i o n  of t h e  p r o c e s s .  A b r i e f  t h i r d  pa r t  i s  ad- 
ded as a d i r e c t i v e  i n  t h e  e s s e n t i a l  mode o 
i z a t i o n  of t h e  problem. 

The s o l u t i o n  c o n s i s t s  of two p h a s e s ,  
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I N T R O D U C T I O N  

T h i s  p a p e r  r e s o l v e s  t h e  r e g u l a r i z e d  N-body problem i n  
e x p l i c i t  form. I t  d i f f e r s  from reference C53 i n  t h a t  t h e  
svstem o f  d i f f e r e n t i a l  e q u a t i o n s  are r e g u l a r i z e d  by t h e  i n -  
t r o d u c t i o n  o f  a pseudo t i m e  p a r a m e t e r  0 i n  t h e  form o f  a 
Sundman CSI  and  L e v i - C i v i t a  C31 t r a n s f e r m a t i o n  r e l a t i n g  u 
w i t h  t h e  dynamic t i m e  p a r a m e t e r .  T h i s  l e a d s  t o  some new 
r e s u l t s ,  s p e c i f i c a l l y  so r e l a t i v e  t o  t h e  movable s i n g u l a r -  
i t i e s  i n  t h e  s o l u t i o n .  However, t h e  me thodo log ie s  i n t e r -  
sect i n  many common r e g i o n s ,  so  t h a t  some e s s e n t i a l  r e s u l t s  
o f  t h e  f i r s t  p a p e r  [ S I  are a p p l i c a b l e  t o  t h e  p r e s e n t  one.  

The e x p l i c i t  r e s o l u t i o n  o f  t h e  r e g u l a r i z e d  problem 
c o n s i s t s  o f  two p h a s e s :  (1) t h e  f o r m a l  r e p r e s e n t a t i o n  of 
t h e  s o l u t i o n  by a pseudo t i m e  ser ies  and ( 2 )  t h e  a n a l y t i c a l  
j u s t i f i c a t i o n  o f  t h e  f o r m a l  ser ies .  The f i r s t  p a r t  o f  t h e  
p a p e r  t h u s  g e n e r a t e s  t h e  g e n e r a l  t e r m  i n  t h e  form o f  a n  ir- 
r e d u c i b l e  r e c u r s i v e  e x p r e s s i o n  which u l t i m a t e l y  i s  a f u n c t i o n  
o f  t h e  boundary  c o n d i t i o n s .  The second p a r t  carr ies  o v e r ,  
by ineans o f  t h e  r e g u l a r i z i n q  t r a n s f o r m a t i o n ,  t h e  a n a l y t i c a l  
r e s u l t s  g e n e r a t e d  i n  re f .  [ S I  t o  t h e  fo rma l  r e g u l a r i z e d  so- 
l u t i o n .  A b r i e f  t h i r d  p a r t  i s  added as a d i r e c t i v e  t o  t h e  
e s s e n t i a l  p r o c e s s e s  i n v o l v e d  i n  t h e  n u m e r i c a l  s o l u t i o n  o f  
t h e  problem. 

I. THE FORNAL REGULARIZED FORMULAE 

T h i s  p a r t  d e a l s  w i t h  (1) a summary o f  some n e c e s s a r y  
e x p r e s s i o n s  g i v e n  i n  r e f e r e n c e  C51, ( 2 )  w i t h  t h e  s i m p l i -  
f i c a t i o n  and t h e  r e g u l a r i z a t i o n  o f  t h e  e q u a t i o n s  o f  mot ion  
o f  t h e  n b o d i e s  and ( 3 )  w i t h  t h e  d e d u c t i o n  o f  t h e  f o r m a l  
s o l u t i o n  o f  t h e  r e g u l a r i z e d  mot ion  i n  terms of a power se r ies  
o f  t h e  pseudo t i m e .  

R e g u l a r i z a t i o n  and Summary of Some R e s u l t s  i n  C5l :  
The c l a s s i ca l  e q u a t i o n s  o f  motion f o r  t h e  n b o d i e s  i n  a po ten -  
t i a l  f i e l d  v,  are g iven  i n  a C a r t e s i a n  i n e r t i a l  frame of re f -  
e r e n c e  C41 as 
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u n d e r  t h e  f o l l o w i n g  d e f i n i t i o n s :  
\ 

i, j = 1 , 2  - - -, n ;  h = 1 , 2 , 3 ;  i # j 

xih : components o f  t h e  p o s i t i o n  v e c t o r  xi o f  t h e  i p a r t i c l e  
(mass m i )  r e l a t i v e  t o  a n  i n e r t i a l  f rame.  

X i j  = x j  - xi : t h e  r e l a t i v e  p o s i t i o n  v e c t o r  f rom t h e  i t o  
t h e  j p a r t i c l e .  

X i j h  : t h e  components of t h e  r e l a t i v e  v e c t o r  Xij 

3 
s i j  5 k i j  )- 7 : a sca l a r  q u a n t i t y .  

The e q u a t i o n s  o f  mot ion  t h u s  t a k e  t h e  form,  

A s p e c i a l  r e g u l a r i z i n g  t r a n s f o r m a t i o n  C 3 , S l  i n v o l v i n g  
t h e  p a r a m e t e r  a ,  i s  g i v e n  by 

- da a = -  = v  
d t  

The a p p l i c a t i o n  o f  t h i s  t r a n s f o r m a t i o n  t o  t h e  c l a s s i ca l  f o r m  
(1.2) of t h e  e q u a t i o n s  o f  m o t i o n ,  l e a d s  t o  t h e  r e g u l a r i z e d  
r e p r e s e n t a t i o n ,  
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A s  i s  m a n i f e s t  t h e  r i g h t  member i s  a n  i n v a r i a n t  unde r  t h e  
t r a n s f o r m a t i o n  s i n c e  t h e  q u a n t i t i e s  S and X are n o t  ex- 
p l i c i t  f u n c t i o n s  o f  t h e  r ea l  t i m e  t .  

Define t h e  f o l l o w i n g  q u a n t i t i e s :  

The e q u a t i o n s  of mot ion  (1.4) are t h u s  g i v e n  as 

- dWih - - 2- 
da  da j 1 

F u r t h e r  d e f i n e  t h e  symbols:  

- i h  dxih - i h  i h ,  i h  s i j , s  i j  X i j h , X  i j h  
d a  d a  0 ’  0 ’  

,w -wo , 1 = w l  , - = x  dWih 

i h  wih E w 
0 

S i n c e  t h e  i n d i c e s  i ,  j ,  h r ema in  unchanged by t h e  
o p e r a t i o n s  t h a t  fol low,  t h e s e  e n t i t i e s  w i l l  b e  d e l e t e d  
f o r  t h e  t i m e  b e i n g .  The s y s t e m  ( 1 . 5 )  may t h e n  be  w r i t t e n  
as 

( 1 . 5 )  

(1.6) 

- 
j 

where SOXo 3 y o ,  H = H  

- 3 -  



K e e u l a r i z e d  Power  S e r i e s  EXDanSiOn: T h i s  s e c t i o n  
d e a l s  wi th  t h e  s e r i a l  r e p r e s e n t a t i o n  of  t h e  r e g u l a r i z e d  
s o l u t i o n  of t h e  N-body dynamica l  sys t em.  

The rth d e r i v a t i v e  o f  (1.7) r e l a t i v e  t o  u may, bv 
i n d u c t i o n ,  be shown t o  l e a d  t o  t h e  s t a t e m e n t  

Expand t h e  xr , and y, q u a n t i t i e s  i n  a u power s e r i e s ,  - 

cn 

,k>m ( 2 . 2 )  
0 

OD dmx 
- - -  - k x 5 x = 1 S k u  ,xm z 

0 k = o  dam k = o  

( 2 . 2 ' )  

S u b s t i t u t e  ( 2 . 2 )  and 2 . 2 ' )  i n  ( 2 . 1 1 ,  

I n  view of t h e  Cauchy p r o d u c t  

1 Ak 1 Bk = 1 1 Ak-u B u 
k = o  k = o  k=o u=o  
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( 2 . 3 )  may b e  w r i t t e n  as 

H y ( 0 ) 0 ~ - ~ ,  Q = Q ( k , r , u , s >  
'r+l = s=o c k = o  c QsJ+u U 

S i n c e  t h e  q u a n t i t i e s  S Z S and X 5 Xo are n o t  e x p l i c i t l y  
0 

dependen t  on t h e  t i m e  p a r a m e t e r  t ,  t h e  formulae f o r  y 

and  i t s  d e r i v a t i v e s  as q i v e n  i n  C51 a r e  v a l i d  i f  t h e  pseudo 
t i m e  p a r a m e t e r  (J r e p l a c e s  t. Thus t h e  e x p r e s s i o n s  ( 2 . 5 1 ,  
( 5 . 2 )  and ( 6 . 2 0 )  g i v e n  i n  t h a t  r e f e r e n c e ,  i f  a p p l i e d  t o  ( 2 . 4 1 ,  
l e a d s  t o  t h e  s t a t e m e n t  

= S X 
0 0 0  

( 2 . 5 )  

f f 
2 (b) (f,&) = 2 o r  1 a c c o r d i n g  as II < - o r  II = 2 r e s D e c t i v e l y ,  
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(c) E] Is  t h e  l a rges t  i n t e g e r  n o t  e x c e e d i n g  - f 
2 

D ( d )  a-  are  t h e  s o l u t i o n s  of t h e  l i n e a r  D i o p h a n t i n e  e q u a t i o n  
fg 

and where t h e  q u a n t i t i e s  a , b , c ;  a , B , y  are  g i v e n  by ( 5 . 5 )  and 
( 5 . 8 )  i n  r e f e r e n c e  C51. 

D 

On apDlv ing  ( 2 . 5 )  for r = u e x n r e s s i o n  ( 2 . 4 )  i s  chanqed  t o  



E q u a t i o n  ( 2 . 6 )  e x p r e s s e s  W as n i v e n  by ( 2 . 1 1 ,  i n  terms 
o f  t h e  c o e f f i c i e n t s  ( 6 ' s )  o f  t h e  power ser ies  s o l u t i o n  ( 2 . 2 ) .  
The n e x t  s t e p  i n  t h e  d e t e r m i n a t i o n  o f  an i r r e d u c i b l e  r e c u r -  
s i v e  f o r m u l a  f o r  t h e  s ' s  i s  t o  u t i l i z e  t h e  d e f i n i t i o n  1.4 :w2 

r+1' 

By i n d u c t i o n  w e  d e r i v e  f r o m  t h i s  d e f i n i t i o n  t h e  s t a t e -  
ment 

i = o  

D e f i n e  t h e  p o t e n t i a l  as a power se r ies  

k OD 

v = v o -  - 1 'kU 
k = o  

Chanqe (1.4') t o  t h e  form 

dx 
w = v x  x = -  

0 0 1' 1 do 

With t h e  u s e  of ( 2 . 2 1 ,  ( 2 . 8 )  and t h e  Cauchy p r o d u c t  f o r m u l a ,  
( 2 . 9 )  becomes 

OD k 
w = c 1 Y E O k  
0 k-u u k = o  u=o  
S d w  

By i n d u c t i o n  ,- 0 i s  shown t o  be 

( 2 . 7 )  

( 2 . 8 )  

( 2 . 9 )  

( 2 . 1 0 )  

( 2 . 1 1 )  
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Substitute (2.11) into (2.7) and again utilize the Cauchy 
formula. These operations lead to the equation, 

Expression (2.12) is a second representation of Wr+l in 
terms of the coefficients of (2.8) and the 6 ' s  of (2.2). 

Formulation of the Irreducible Recursive Formula: 
The purpose of this section is to generate an irreducible 
recursive expression for the 6 ' s .  

Equate the riqht members of ( 2 . 6 )  and (2.12). Let 
2 = k + 1 and form the equality of the coefficients of like 
powers of the U ' S .  These operations generate a relation 
between the y and (coefficients, namely, 

k+l k+l-w w c c  C L  $l(k,r,u,w,v;Y,5) = 0 (u,v,w;~,S) 
w=o u=o v=o 

where 

u=O, l , - - -  ,k;p=O,l,---,u 

-8- 
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L e t  v t a k e  t h e  s p e c i f i c  v a l u e  w ,  v = w ,  so  t h a t  
( 3 . 1) becomes 

k+l k+l-w W-1 

u = o  v=o 
0 -  c 

w=o 

L e t  w = k + 1 and t h e  above s t a t e m e n t  becomes 

k+l k+l-w W-1 = + e  c c rirl k+l 
w=o u = o  v=o 

k k+l-w 

2 '  
- 1  c I p  

w = o  u=o 
( 3 . 4 )  

Add t h e  l e f t  m e m b e r  o f  (3.4) t o  b o t h  s ides  of t h e  
e q u a t i o n .  Thus 



I t  f o l l o w s  t h a t  

The i d e n t i t y  ( 3 . 6 )  i s  a r e c u r s i v e  e x n r e s s i o n  of  t h e  6 ' s  
i n  t e rms  o f  t h e  Y'S and 6 ' s  w i t h  l e s se r  s u b s c r i p t s .  

T o  a t t a i n  an i r r e d u c i b l e  r e c u r s i v e  form for 6, t h e  
y ' s ,  as piven i n  ( 3 . 6 1 ,  must be e x n r e s s e d  i n  terms of  t h e  
6 ' s .  The s e r i a l  d e f i n i t i o n  for t h e  p o t e n t i a l  namelv 

i s  used  for t h e  d e r i v a t i o n  of t h e  r e q u i r e d  r e c u r s i v e  form. 
Def ine  

l. 
T i j  E (Ri j )  - 7  

m 1 
2 

or more p e n e r a l l y  T E t = KO , R = Ro, m = - - where t h e  
0 

s u p e r s c r i n t s  a r e  a g a i n  d e l e t e d .  The e x n r e s s i o n  ( 3 . 8 )  of 
r e f e r e n c e  [ S I  becomes ( b y  r e D l a c i n g  T f o r  S and  t by 

t h e  pseudo t i m e  Darameter a ) ,  
D P 

P 

( 3 . 6 )  

( 3 . 7 )  

( 3 . 8 )  
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The v a l u e  of R i n  t e r m s  of t h e  X ' s  i s  g i v e n  in r e f .  
f 

[SI by e q u a t i o n  (4.21, 

where t h e  p a r a m e t e r  u r e p l a c e s  t .  I n  v i e w  o f  t h e  fo rmula  

it f o l l o w s  t h a t  

- 
H z € i  

i j  

where t h e  s u p e r s c r i p t s  have  been d e l e t e d .  

By means of t h e  d e f i n e d  expans ions  

OD k-r c i j h  - j h  i h  
= Sk - Sk ' k  x 2 x = 

TlkU I? k = o  ' k = o  

t h e  e x p r e s s i o n  f o r  X when u = 0 i s  g iven  as r '  

( 3 . 1 0 )  

(3.11) 

(3.12) 

(3.13) 
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I n  terms of t h e  s u D e r s c r i p t s  and  of  u = 0 ,  ( 3 . 1 1 )  becomes 

i j s  i j s  
a. I?f-Il 

( f , I l >  f !  rl 

I t  f o l l o w s  t h a t  

a = o  

2p+l - -  
DK ; [ I  2 

u=o f = g  S , t >  
c H.. 

- 1  - -  Y 
P u=o P !  j , g  

I n  view of ( 6 . 2 0 )  of [SI  e x p r e s s i o n  (3 .15 )  i s  w r i t t e n  as 

( 3 . 1 4 )  

( 3 . 1 5 )  

(3 .16 )  

I n  combina t ion  w i t h  (3 .61 ,  ( 3 . 1 6 )  g i v e s  t h e  d e s i r e d  i r r e d u c i b l e  
r e c u r s i v e  r e l a t i o n  f o r  t h e  E ' s .  

I -12- 



The formal s o l u t i o n  of t h e  r e g u l a r i z e d  sys t em o f  
e q u a t i o n s  of mot ion  (1.4) or (1.5) e x p r e s s e d  i n  t e r m s  
of  a power se r ies  i n  t h e  pseudo t i m e  Darameter CY, i s  
g i v e n  by e q u a t i o n s  (2 .21 ,  (3.6) and (3.16). S t a t e m e n t s  
(3.6) and (3.16) are t h e  s p e c i f i c a t i o n s  for t h e  c o e f f i c -  
i e n t s  of t h e  ser ies  ( 2 . 2 )  as i r r e d u c i b l e  r e c u r s i v e  forms. 

T o  be s u r e  t h e  g e n e r a l  c o e f f i c i e n t  5 ih i s  u l t i m a t e l y  k + l  

g i v e n  i n  terms of t h e  i n i t i a l  p o s i t i o n s  Sih and v e l o c i t i e s  

Sih . 0 
To f o r m u l a t e  s u c h  an  e x p l i c i t  s t a t e m e n t  would l ead  

1 
t o  unwie ldy  o p e r a t i o n s  and forms whose u t i l i t y  i n  n u m e r i c a l  
e v a l u a t i o n  o r  ease i n  dynamica l  i n t e r p r e t a t i o n ,  i s  h i g h l y  
q u e s t i o n a b l e .  

11. ANALYTICAL PHASE 

The a n a l y t i c a l  a s p e c t  of t h e  r e g u l a r i z e d  n body problem 
fol lows t h e  formal p h a s e  where t h e  c o e f f i c i e n t s  5 o f  t h e  

pseudo t i m e  se r ies  have  been  g e n e r a t e d  as i r r e d u c i b l e  r e c u r s i v e  
f u n c t i o n s .  The b a s i c  c o n s i d e r a t i o n  o f  t h e  v a l i d i t y  o f  t h e  
ser ia l  r e p r e s e n t a t i o n  of the  s o l u t i o n  o v e r  a t i m e  r e g i o n  w a s  
shown t o  h o l d  [SI f o r  a l l  t e x c e p t  f o r  w e l l  d e f i n e d  movable 
s i n g u l a r i t i e s .  These  e x i s t e n t i a l  p h a s e s  f o r  dynamica l  ( r e a l )  
t i m e  w i l l  be t r a n s f o r m e d  t o  c o n s i d e r a t i o n s  of pseudo t i m e .  

k 

The R e l a t i o n  Between Pseudo and  Real T i m e :  I n  t h i s  
s e c t i o n  t he  f u n c t i o n  a = a ( t )  i s  f i r s t  g e n e r a t e d  f o l l o w e d  by 
t h e  d e t e r m i n a t i o n  of i t s  i n v e r s e .  

da  
d t  

( a )  The r e g u l a r i z i n g  t r a n s f o r m a t i o n  (1.31, - = V ,  leads 

t o  t h e  i n d e f i n i t e  i n t e g r a l  

a = / u d t  + c 

-13- 



In view of ( 3 . 7 )  the above integral becomes 

With the assumption that u = 0 when t = 0 we get 

To compute (v ) expression (3.16) is available P t=o 

where t = 0 replaces 0 = 0, namely 

lijh) 
r p g  t=o = p !  y = p! 

r - p  (Ro) t=o (.p) t=o P rl 
(4.2) 

Equation (4.1) in conjunction with (4.2) thus establishes 
a time integral for u, namely u = u(t> 

(b) To determine the inverse function t = t(u> define 

du 
dt Again use the transformation - = v in the form dt = Vdu. 

Consider the inductive formula ( 3 . 5 )  of reference C51, namely 

-14- 



P 

, D = 1,2,3,--- 
n p  a f g  P ( p )  

s = p-? 1 D(m,F) K ( D , a  ) II R 
P 0 q=1 fr: f = o  f 

T h i s  fo rmula  i s  v a l i d  f o r  e x p r e s s i o n  ( 4 . 3 )  i f  S and R 
are r e p l a c e d  by V and v r e s p e c t i v e l y  and m = - 1. Thus 

D 
a -  

9 
P D  fe; -1-p P ( D )  

1 ~(-1,:) K p , a  v P = v  0 g = 1  fdf!o vf 

P 
where t h e  q u a n t i t i e s  D ,  K ,  5, afr! a r e  d e f i n e d  bv t h e  

fo rmulae  i n  t h e  e x p r e s s i o n s  (3.9). For t h e  q u a n t i t y  D ,  

Write d t  = Vda i n  t h e  form t ( a )  = / V ( a )  da  + c 

With t h e  s p e c i f i c a t i o n  t h a t  t = 0 when Q = 0 

where t h e  q u a n t i t y  Vk(0) E 

e x p r e s s i o n  i n  ( 4 . 4 ) .  The f u n c t i o n  t ( a >  g i v e n  by (4.5) 
and (4 .41 ,  s p e c i f i e s  t h e  r e a l  t i m e  i n  terms of t h e  Dseudo 
t i m e .  

( V k ) a = o  i s  g i v e n  b v , i t s  

( 4 . 4 )  

( 4 . 5 )  



The Movable S i n e u l a r i t i e s  o f  t h e  S o l u t i o n :  I t  
h a s  been o b s e r v e d  i n  r e f e r e n c e  E 5 1  t h a t  t h e  r i E h t  members 
of  t h e  e q u a t i o n s  o f  mot ion  (1.1) or 0 . 2 )  a re  a n a l v t i c  over 
t h e  f i n i t e  complex p l a n e  on t h e  c o n d i t i o n  t h a t  t h e  m a m i t u d e  . .  
( ~ ~ ~ j )  1’2 of t h e  r e l a t i v e  p o s i t i o n  v e c t o r  XI3 between t h e  

i and j D a r t i c l e  i s  n o t  z e r o ,  namely t h a t  i # j. A s i m i l a r  
c o n d i t i o n  h o l d s  f o r  t h e  r i g h t  members of t h e  r e g u l a r i z e d  
e q u a t i o n s  of motion combined w i t h  an  added s i t u a t i o n .  

i h  
T o  show t h i s  c o n s i d e r  t h e  f i r s t  f a c t o r  dx o f  t h e  

d U  
r i g h t  members o f  t h e  sys t em of e q u a t i o n .  

T h i s  may be w r i t t e n  as 

. 
dx dx d t  X 

du d t  da V 
- = - - = -  

I n  view of t h e  r e q u l a r i z i n g  t r a n s f o r m a t i o n  (1.3). The r i g h t  
member of  (1.5) t h u s  becomes 

The o n l v  s i n g u l a r i t i e s  ( o t h e r  t h a n  t h e  movable o n e s )  t h a t  
mav o c c u r  i s  due t o  t h e  c o n d i t i o n  t h a t  t h e  f i e l d  p o t e n t i a l  
v = 0 .  So  t h a t  for i # j and v # 0 t h e  above f u n c t i o n  is 
a n a l y t i c  o v e r  t h e  f i n i t e  comDlex p l a n e  u. 

Thus t h e  s o l u t i o n ,  i n  view of t h e  e x i s t e n c e  theo rem c11, 
[ 2 1  f o r  a sys t em o’f d i f f e r e n t i a l  e q u a t i o n s ,  i s  t h u s  v o i d  of 
s i n g u l a r i t i e s  ( i n t r i n s i c  o r  movable)  f o r  some r e g i o n  i n  t h e  
complex (I p l a n e .  

The movable s i n q u l a r i t i e s  i n  t h e  complex t p l a n e  i s  
g i v e n  i n  r e f e r e n c e  C51 bv t h e  c o n d i t i o n  ( 7 . 6 )  

-16- 



3 
c- 

o r  t h e  t w o  c o n d i t i o n s  

$he re  t h e  b a r r e d  l e t t e r s  are u s e d ,  f o r  t h e  moment, t o  i n d i c a t e  
d e r i v a t i v e s  r e l a t i v e  t o  t h e  t i m e  t .  

The r e q u l a r i z i n g  t r a n s f o r m a t i o n  z du = v i s  u s e d  on 
d t  

t h e  above  t w o  c o n d i t i o n s  t o  t r a n s f o r m  t h e m  i n  terms o f  u .  
Thus 

d t  da d t  da I da 

The t w o  s t a t e m e n t s  f o r  movable s i n g u l a r i t i e s  r e l a t i v e  t o  t 
t h u s  t u r n  i n t o  t h e  c o n d i t i o n s  

The f i r s t  a n d  t h i r d  movable s i n g u l a r  c o n d i t i o n s ( f o r  t = 0 )  
i n  ( 5 . 2 )  h a s  been  d i s c u s s e d  i n  reference [SI. F o r  t h e  added  
e q u a t i o n  ( v ) ~ = ~  = 0 ,  a b r i e f  d i s c u s s i o n  i s  g i v e n .  

-17- 



We nay e i t h e r  d e a l  w i t h  it on t h e  b a s i s  o f  t h e  d e f -  
i n i t i o n  of t h e  p o t e n t i a l  v or D r e f e r a b l y  bv t h e  u s e  o f  
t h e  r e s y l a r i z e d  e q u a t i o n s  of  mot ion  i n  t h e  form (1.4). 
S i n c e  t h e  l e f t  member i s  zero for = 0 ,  t h e  ex-  
p r e s s i o n  

Another  form of ( 5 . 3 )  mav b e  E e n e r a t e d  bv t h e  d e f i n i t i o n  

8 as t h e  d i r e c t i o n  a n p l e  of  t h e  r e l a t i v e  
i j  
h of t h e  q u a n t i t y  

p o s i t i o n  v e c t o r  X I J  between t h e  i and j masses. With t h e  d e f -  

i n i t i o n  of  R i n  mind, namely as t h e  s q u a r e  o f  t h e  maqn i tude  

of t h e  r e l a t i v e  p o s i t i o n  v e c t o r  X I J ,  t h e  f o r m u l a  

. .  

i j  

. .  

i s  g e n e r a t e d .  E x p r e s s i o n  ( 5 . 3 )  t h e n  t a k e s  t h e  form 

H.COs8h ii 
I 

j = 1  c i j  
= 0 f o r  u = 0 ;  i # j ;  i , j  = 1,2,- - - , n ;  

n 

RO 

h = 1 , 2 , 3  

. .  
Two p o s s i b i l i t i e s  u n f o l d :  (1) cos e l 3  = 0 for any j # i and 

( 2 )  Ro = 

h 
ij . .  

for any j and c o s  8’’ # 0 for anv h and j .  
h 

-18- 

( 5 . 3 )  

(5.4) 
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For case (1) a n  added r e s t r i c t i o n  n u s t  be i n n o s e d ,  
namely t h e  i d e n t i t y  

3 = 1, h # h # h 3 ,  h h2, h 
i j  i j  
hl h 2  1 2 '  1' cos2 8 + c o s 2  e + cos 

= 1, 2 ,  3 

The i n i t i a l  a n g l e s  must  be  chosen  f o r  a ? a r t i c u l a r  j for 
which t h e  above  i d e n t i t y  i s  s a t i s f i e d .  The a u e s t i o n  w h e t h e r  
a c t u a l  dynamica l  s i t u a t i o n s  e x i s t  unde r  t h e s e  s i n g u l a r  re- 
s t r i c t i o n s  w i l l ,  f o r  t h e  t i n e  b e i n g ,  be h e l d  i n  obevance .  

For case ( 2 )  o n l y  t h e  i n i t i a l  r e l a t i o n s h i D  between 
t h e  p o s i t i o n s  o f  t h e  n b o d i e s  are g i v e n .  Thus t h e  re la -  
t i o n s h i p  i s  i n d e p e n d e n t  o f  t h e  i n i t i a l  v e l o c i t i e s .  I t  i s  
i n  a p r i m i t i v e  s e n s e  m a n i f e s t  t h a t  i f  t h e  b o d i e s  are  i n i t -  
i a l l y  m u t u a l l y  i n f i n i t e  t h e v  w i l l  remain so f o r  any  f i n i t e  
t i m e .  However, t h i s  " p h y s i c a l  i n t u i t i o n "  s h o u l d  52 a n a l v t i -  
c a l l y  v e r i f i a b l e ,  namely,  t h a t  no  f i n i t e  d i s c e r n a b l e  d y n a n i c s  
i s  p o s s i b l e .  We make t h e  v e r i f i c a t i o n  w i t h  t h e  DurDose of 
i l l u s t r a t i n g  some of t h e  a n a l y s i s .  

L e t  one  o f  t h e  masses, s a y  mi ,  be i n  a f i n i t e  r e g i o n  
and  t h e  r e m a i n i n g  o n e s  a t  i n f i n i t v .  S i n c e  t h e  second  case 

o f  t h e  movable s i n g u l a r  c o n d i t i o n  i m p l i e s  t h a t  = o  
0 

i h  
for any j # 2 ,  it f o l l o w s  from (3.16) t h a t  Y = 0 ,  p = 1 , 2 , - - -  

D 

i j h  
I r p g (  g i v e n  S i n c e  - i s  c o n t a i n e d  as a f a c t o r  i n  t h e  symbol 1 

by (2 .51 ,  t h e  

-19- 
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when 1 = 0 ,  k = 0,1,2,- - - = o  i h  
‘k+l 

0 = 0  

The e x p a n s i o n  for x i n  ( 2 . 2 )  becomes 

= 0 + <lU 

Use (4.1) t o  t r a n s f o r m  ( 5 . 6 )  t o  r e a l  t i m e ,  

( 5 . 6 )  

= 0 ,  s i n c e  t h e  f a c t o r  i j  = 0 when 

RO 
and b y  ( 4 . 2 )  

t = a = O  

So  t h a t  

( 5 . 7 )  

h = 1,2,3; i i s  some c h o s e n  v a l u e  o v e r  t h e  i n t e r v a l  

1 , 2  ,--- ,n 

The  c o n c l u s i o n  i s  m a n i f e s t ;  t h e  chosen  p a r t i c l e  m 

r e m a i n s  i n  t h e  same p o s i t i o n  r e l a t i v e  t o  a n  i n e r t i a l  frame 
f o r  a l l  f i n i t e  t i m e  r e g a r d l e s s  of t h e  s t a t e s  of t h e  r e m a i n i n g  
n-1 b o d i e s  a t  i n f i n i t y .  The e x i s t e n c e  of movable  singular- 
i t i e s ,  g i v e n  by t h e  second  c o n d i t i o n  o f  ( 5 . 2 1 ,  i m p l i e s  a de- 
g e n e r a t i o n  of  t h e  n body problern t o  a s i n g l e  body one  w i t h  
no dynainical  s t a t e s  s n d  i n d e t e r m i n a t e  ones  of t h e  remaining 
n-1  b o d i e s  i n  t h e  a b s o l u t e .  

i 

- 2 0 -  



111. COMPUTATIONAL PKOCC3URC AIJ3 SUIGlAR'! 

The c o m p u t a t i o n a l  p r o c e d u r e s  for t h e  r e g u l a r i z e d  
s o l u t i o n  of t h e  n bodv problem are  i n  t h e  b r o a d  a s n e c t s  
t h e  same as t h o s e  d i s c u s s e d  i n  r e f e r e n c e  C51. We l i s t  
t h e  f o r m u l a e  t o  be used  f o r  t h e  comDutat ion and t h e n  
v e r y  b r i e f l y  s p e c i f y  t h e  n u m e r i c a l  p r o c e s s .  

Formula for Computat ion:  We l i s t  t h e  b a s i c  
fo rmulae  and  t h e  d e f i n i t i o n s  of some o f  t h e  svmbols i n -  
vo lved .  The r e m a i n i n g  d e f i n i t i o n s  mav be found  i n  t h e  
t e x t  or i n  reference C51. 

m 
X i h  - = x  ih = 1 

k=o 
c i h &  , i # j ,  i = 1,2,- - - , n ;  k 0 

( 2 . 2 )  

h = 1,2,3 

k = O , l , Z , - - -  , r = 0,1,2,--- 

, p = 1,2,--- and s p e c i a l  
i h  

Y =  
P 

r - p  

, p = 1,2,--- and s p e c i a l  
ih 

P 
Y =  

r - p  

(3.16) 

v a l u e  p = 0, g = 1,2,---, P ( p )  

-21- 



? 

i j n  i i n  
f-a. 

rl 

= n ,  p = 1,2,--- , e = 1,2,---P(d 

(2.5) 

The r ema in ing  symbols and some o t h e r s  a re  g i v e n  i n  t h e  
t e x t  by ( 2 . 5 1 ,  ( b ) ,  ( e ) ,  i f ) ,  ( g ) .  

The above e x p r e s s i o n s  a r e  t h e  b a s i c  o n e s  i n  comnu- 
t a t i o n .  T o  t h e s e  must be  added some suDplementary for- 
mulae and d e f i n i t i o n s .  

y u; ( 3 . 3 )  s = O y 1 , - - -  ,r; u = Oyl,---k; p = O , l , - - -  

- 2 2 -  



2 
( e )  S = - F ( a , b ; c ; l )  F ( a , B ; y ; l )  where F i s  s, 

r ( y )  
h y p e r g e o m t r i c  f u n c t i o n  and  a,---* , ,--- are q i v e n  as 
s y e c i f i e d  i n  t e x t .  

To e x p r e s s  t h e  pseudo t i m e  u i n  t e rms  of  t h e  r e a l  
t i n e  t : 

(.p)t=0 
i h  

? 
Y 

i j h  
I rng I  t = o  

t = o  n 
r - p  

( 2 . 5 )  

( 2 . 5 )  

The movable s i n g u l a r i t i e s  of t h e  s o l u t i o n  s a t i s f y  t h e  f o l -  
l owing  t h r e e  c o n d i t i o n s :  

-1 
( 5 . 2 )  

-2Ri j  X i j h  = o  u=o 0 1 )u=o 

The second  c o n d i t i o n  of  ( 5 . 2 )  may a l so  b e  w r i t t e n  as 
i j h  

i j  
112 cos e = O ( 5 . 4 )  

-23- 



The I n i t i a l  Comnuta t iona l  P r o c e d u r e :  The i n i t i a l  

comDutat ions on which t h e  r e m a i n i n g  n u m e r i c a l  phases depend 

i s  t h e  e v a l u a t i o n  of t h e  q u a n t i t i e s  svmbol i zed  by 1 ~ ~ ~ 1  and 

g iven  bv ( 2 . 5 1 ,  ( a ) .  T h i s  i n  t u r n  denends  on t h e  "matrices 

of s o l u t i o n s "  a of  t h e  DioDhant ine  l i n e a r  e q u a t i o n  exDressed  

bv ( 2 . 5 1 ,  ( d ) .  Our o b j e c t  i n  t h i s  s e c t i o n  i s  t o  s n e c i f s  v e r v  
b r i e f l v  t h e s e  two n u m e r i c a l  modes. A sonewhat  more e l a b o r -  
a t e  s p e c i f i c a t i o n  o f  t h e  u n r e g u l a r i z e d  n u m e r i c a t i o n  i s  g i v e n  
i n  r e f e r e n c e  C5 l .  

P 
f g  

1. The q u a n t i t i e s  aP and a' sa t i s fv  t h e  D i o p h a n t i n e  
fq OE: 

and l i n e a r  e q u a t i o n s  ( 2 . 5 1 ,  ( d ) .  T a b u l a r  matr ices  for t h e  
a's a r e  c o n s t r u c t e d .  A s  an  i l l u s t r a t i o n  c o n s i d e r  the v a l u e s  
p = 1, 2- - - ,5  and p = 0 .  

T a b u l a r  X a t r i x  f o r  D = 1. 2-- - .  5 and D 0 

L il 0 1 0  ):I 0 0 1  

I 1 P = 4  

0 1 2 2 3  

4 2 1 0 0  

0 1 0 2 0  

0 0 1 0 0  

0 0 0 0 1  

I P = 5  

10 1 2  2 3 3 4 

~ 5 3 2 1 1 0 ~  
I 

0 1 0 2 0 1 c  

0 0 1 0 0 1 c  

0 0 0 0 1 0 c  

0 0 0 0 0 0 1  

- 2 4 -  



2 .  T o  e v a l u a t e  t h e  q u a n t i t v  1 ijhl a s i m p l i f i c a t i o n  
r p g  

i s  made by t h e  f o l l o w i n g  f o r m u l a t i o n .  Def ine  

where S 

i s  d e l e t e d  f o r  t h e  t i m e  b e i n g ;  
? 

P a fg 
qJ(D,---) = n [((f ,e,--- , l  

f=o 

I t  follows, on t h e  b a s i s  of t h e s e  d e f i n i t i o n s ,  t h a t  

P 

E v a l u a t e  t h e  $ ? s  i n i t i a l l y  and  from t h e s e  t h e  $ ' s  m a v  be  
d e t e r m i n e d .  

2 $(O,---) = O !  (0,O) rl = rl 
s o  s o  

- 2  5- 



$ ( 5 , 0 - - - )  = 5!  2 1 rl rl t 2 1 rl rl + 2  1 n 2 n J  c 0 5  1 4  

The expressions 

(J(p*,---)  become 

( J ( O , - - - )  = Q i j h . l  ( s i n c e  by d e f i n i t i o n  ro 

a,O, = 0 )  

2 



The two basic p h a s e s  i n  n u m e r i z a t i o n  o f  t h e  regu-  
l a r i z e d  n body problem i s  f u l f i l l e d  w i t h  an  i n d i c a t i o n  
o f  t h e  p r o c e s s e s  i n v o l v e d  i n  fo rmulae  ( 2 . 5 1 ,  (a1 and 
(2 .51,  ( d ) .  The r ema in ing  p r o c e s s e s  n e c e s s a r y  i n  t h e  de- 

of t h e  u t e r m i n a t i o n  of  t h e  c o e f f i c i e n t s  6 , k = 2 , 3 , - - -  

series ( 2 . 2 )  i n  t e r m s  of t h e  i n i t i a l  c o n d i t i o n s  g iven  by 

C:h and are r e a d i l y  a t t a i n a b l e .  However, some of t h e  

n e c e s s a r y  d e f i n i t i o n s ,  n o t  l i s ted  a t  t h e  b e g i n n i n g  o f  t h i s  
s e c t i o n ,  may be found i n  t h e  t e x t  p r o p e r  o r  i n  r e f e r e n c e  [ S I .  

i h  
k 

- 2 7 -  
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